In this letter we analyze an optical Fabry-Pérot resonator as a time-periodic driving of the (2D) optical field repeatedly traversing the resonator, uncovering that resonator twist produces a synthetic magnetic field applied to the light within the resonator, while mirror aberrations produce relativistic dynamics, anharmonic trapping, and spacetime curvature. We develop a Floquet formalism to compute the effective Hamiltonian for the 2D field, generalizing the idea that the intracavity optical field corresponds to an ensemble of non-interacting, massive, harmonically trapped particles. This work illuminates the extraordinary potential of optical resonators for exploring the physics of quantum fluids in gauge fields and exotic space-times.
Time-periodic modulation is under active development both theoretically and experimentally as a tool for Hamiltonian engineering in platforms ranging from cold atoms in optical lattices [1] [2] [3] [4] [5] [6] [7] [8] [9] to microwave photons in arrays of superconducting resonators [10, 11] and electrons in solids [12, 13] . By imposing external fields which couple states of different energies and symmetries, modulation enables time-reversal symmetry breaking and the introduction of synthetic gauge fields [14, 15] , as well as manipulation of interactions [16] .
In parallel, there is an aggressive effort to explore optical modes coupled to matter as a platform for quantum manybody phenomenology. Single- [17] [18] [19] [20] and multi- [21, 22] mode optical resonators, as well as photonic crystal structures [23, 24] are under investigation to induce long-range interactions between atoms; near-planar resonator/exciton heterostructures [25] [26] [27] and quantum fluids [28] have been employed to study interacting quantum fluids [25] [26] [27] ; arrays of microwave resonators coupled to superconducting qubits [29] have been harnessed as a model Bose-Hubbard system; and Rydberg Electromagnetically Induced Transparency (rEIT) in trapped atomic gases has recently been demonstrated as a platform for studying 1D quantum dynamics of strongly interacting photons [30] [31] [32] [33] [34] .
Here we formalize a new approach to photonic quantum materials based upon exotic optical resonators; following up on our prior work describing Rydberg-dressed photons in a near-degenerate optical resonator as interacting, massive, harmonically trapped 2D particles in synthetic magnetic fields [35] , we now provide a more detailed framework for designing the resonators and characterizing the resulting single-particle photonic Hamiltonian dynamics.
Our approach begins in the ray-optics picture where, assuming round-trip ray-trajectories are nearly closed, round-trip propagation may be coarse-grained using a Floquet formalism to provide an effective 2D time-continuous Hamiltonian for the photon (Section I, and Figure 1 ). We will quantize this Hamiltonian (Section II), leading to a wave-optics view of the resulting physics and the appearance of longitudinal modes due to the energy periodicity of the Floquet formalism. In Section III we will classify all of the terms in this Hamiltonian:
an inertial mass tensor, harmonic confinement tensor, and a synthetic magnetic field, as well as gauge (non-physical) degrees of freedom. In Section IV we consider what happens when the coarse-graining breaks down because ray-trajectories are not nearly closed, and explore a way to recover a simple Hamiltonian picture if the trajectories nearly close after multiple round-trips.
To illustrate the techniques developed in the preceding sections, we next consider several FIG. 1: Schematic Three-Mirror Fabry-Pérot Resonator. A single ray (thin red line) is followed over many-roundtrips through the resonator. The intersection pattern of this ray (red spheres) in a chosen transverse plane (gray polygon) of the resonator traces out a stroboscopic evolution corresponding, in this case, to a massive, harmonically trapped particle, and its image reflected across the origin. These dynamics may be formally understood using the Floquet formalism described in this work.
different resonator geometries (Section V), focusing in particular on the symmetric twomirror resonator. We distinguish between mechanical-and canonical-ray momentum, and
show that while photons in near-planar cavities exhibit a positive mass, those in nearconcentric cavities exhibit a negative mass. We then briefly analyze twisted resonators, which introduce synthetic magnetic fields for photons.
Finally, we explore the impact of mirror aberrations and non-paraxial optics on the photonic Hamiltonian (Section VI). We show that these corrections provide a route to arbitrary potentials and dispersion relations for resonator photons, along with a path to photonic dynamics on curved spatial manifolds.
I. FLOQUET FORMALISM FOR RAYS IN OPTICAL RESONATORS
A paraxial optical resonator may be characterized by an ABCD [36] matrix M , describing the round trip evolution of all light rays in a given transverse plane of the resonator. In particular, the ray described by V ≡ To develop a Hamiltonian formalism describing the continuous evolution of the ray within a particular transverse plane we must first convert the slope s into a momentum p which is canonically conjugate to x. This momentum is p = ks, with k ≡ 2π/λ and λ the optical wavelength. We may thus define a phase-space state-vector µ ≡ The same round-trip propagation matrix applies to x and p as operators in paraxial wave optics [37] .
Noting that round-trip propagation requires a time T rt = L rt /c, where L rt is the total round-trip length along the resonator axis, and c is the speed of light, we may now view B as a stroboscopic time evolution operator: µ(t + T rt ) = Bµ(t). If µ is to be described by continuous evolution under a general (time-invariant) quadratic Hamiltonian, The same result follows using the canonical commutation relations and Heisenberg equations of motion for x and p as operators.
We may now integrate these equations of motion: µ(t + τ ) = exp(Qτ )µ(t). Using τ = T rt
and solving for Q, we arrive at Q = c Lrt (log(B) − 2πIil), where l ∈ Z, and I is the identity matrix. Substituting for Q in (I.1) yields the effective Floquet Hamiltonian:
Here we employ the standard definition of the matrix logarithm as the inverse of the matrix exponential, which is itself defined in terms of its Taylor series. Since βM β −1 has only eigenvalues of unit modulus, the logarithm will be purely imaginary and due to the branch cut in its domain will be defined only modulo 2πi. So long as x and p commute (as they do in the ray-optics limit), this term drops out of the Hamiltonian, leaving:
Quantizing the Hamiltonian (eqn I.2) turns the x's and p's into non-commuting operators.
In this case, noting that [x i , p j ] = i δ ij , the Hamiltonian becomes:
The additional c Lrt 2π · l in the energy reflects the fact that we are considering a Floquet Hamiltonian [14, 15] ; the periodic influence of the mirrors on the optical field means that the eigen-frequencies are only defined up to the inverse round-trip time; this is analogous to the quasi-momentum being defined only up to the lattice spacing in a crystal (see Figure 2b ).
It is interesting to note that this energy periodicity corresponds to the cavity free-spectral range, and the l quantum number is actually the familiar longitudinal mode index.
III. DECOMPOSING A GENERAL QUADRATIC HAMILTONIAN
A general paraxial Fabry-Pérot may include non-commuting non-planar reflections and mirror astigmatism, reflected in a near-arbitrary 4x4 ABCD matrix M , corresponding to Because this Hamiltonian must be Hermitian it has only 10 independent parameters, and may be decomposed in the following convenient and physically illuminating way: with: m
, and the Pauli matrices operate on the real-space vector x.
The significance and sources of the various terms:
1. m ef f and ω trap are the transverse effective mass and trapping frequencies of the particle, respectively, arising from the interplay of cavity length and mirror curvature; they become anisotropic (with axes rotated by θ m,t , and fractional difference m,t ) in the presence of mirror astigmatism, often caused by off-axis reflection [36] from otherwise spherical mirrors.
2. The β k 's are the remaining 4 degrees of freedom, and parameterize the gauge potential arising from common-mode defocus (δ), rotated differential defocus (∆ + , ∆ × ), and resonator twist (B z ). Defining the vector potential A ≡ β k σ k ·x, we find ∇×A = B zẑ , indicating that the rest of the terms (δ, ∆ + , ∆ × ) may be gauged away via A → A−∇f
. Thus the only physically significant term is B z , the magnetic field induced by twist.
The recipe for going from an arbitrary resonator geometry to the physical parameters of the space in which the trapped photons live is to: (1) compute a round-trip 4x4 ABCD matrix for the resonator geometry under consideration, (2) from this compute a Floquet
Hamiltonian, and finally (3) decompose this Hamiltonian into the physically significant parameters.
IV. NEAR-DEGENERACY AFTER MULTIPLE ROUND-TRIPS
The stroboscopic time evolution under the round-trip ray matrix becomes indistinguishable from continuous time evolution in the limit where the transverse dynamics are slow compared to the longitudinal dynamics. In this limit, the frequency splittings between the quantized transverse modes described by the first term in Eqn. (II.1) become small compared to the splitting between the longitudinal modes described by the second term in (II.1), and the cavity is said to be nearly degenerate. In such a cavity, rays return to near their original location after each round trip, and the first term in (II.1) describes the slow precession of the rays after many round trips.
It is often the case that while the ray does not pass near its original phase-space location after a single round-trip, it may do so after several round trips (see Figure 3a) . In the waveoptics picture, such a resonator exhibits a Floquet spectrum where near-degeneracy arises from incrementing both longitudinal and transverse quantum numbers in the appropriate proportion (see Figure 3b ).
More formally, we can write
L rt → L multi in the equations from the preceding sections provides the resulting effective Hamiltonian, with the caveat that the ray appears in every plane with multiple images mirroring its dynamics.
Some typical examples of this phenomenon are (1) the near-confocal resonator, which provides the low energy dynamics of a massive particle in a harmonic trap after two roundtrips (s=2), and (2) the astigmatism-compensated twisted resonator, which provides the low energy dynamics of a massive particle in a magnetic field after a twist-controllable number of round trips. In the former case, the image rays are reflections across the resonator's longitudinal axis. In the latter case, the image rays are rotated about the resonator's axis.
V. EXAMPLES OF SIMPLE RESONATORS
A. Symmetric Two-Mirror Fabry-Pérot in the Focal Plane
Here we consider a two-mirror symmetric Fabry-Pérot resonator, with length L, and mirror radii of curvature R. The round-trip ABCD matrix for a single transverse direction, in the central plane of the cavity (a distance L/2 from each mirror) is (defining g ≡ 1−L/R):
The matrix logarithm may be obtained using a similarity transform to a rotation matrix, giving (for −1 ≤ g ≤ 1 as required for resonator stability):
. Thus the Floquet Hamiltonian is given by:
αRθ
.
Quantizing and diagonalizing this Hamiltonian gives a quantum harmonic oscillator H = ω(a † a + 1/2) with energy-level spacing ω, harmonic oscillator lengths
(x x 0 + ip p 0 ) and Hermite-Gauss
).
These results are consistent with the standard expressions for the two-mirror FabryPérot [36] , where the transverse mode spacing is ω, and the 1/e 2 waist of the lowest mode One might be inclined to ask about the impact upon the transverse Hamiltonian of considering a plane other than the focal plane of the resonator. We will work this out backwards first, using knowledge of the resonator eigenmodes and scalar diffraction theory, and then applying the full machinery of the Floquet formalism.
Clearly the eigen-energies of the resonator cannot change (since the eigenstates of the paraxial wave equation are solutions over the full 3D resonator). Furthermore, we know from scalar diffraction theory [36] that the impact of diffraction on the mode-functions is (1) a radial rescaling according to w(z) = w 0 1 + ( The Gouy phase may be gauged away through a trivial pre-factor on the wavefunction, and we are left with a Hamiltonian system with uniformly spaced eigenvalues and Hermite- 
The resulting Hamiltonian is
We now work forwards, arriving at this Hamiltonian via Floquet techniques. The roundtrip ray-matrix for the same two-mirror symmetric Fabry-Pérot resonator considered previously, but for a plane located at z = 2 L from the resonator focal plane, is:
A bit of arithmetic yields: .
The off-diagonal correction term in Q nonf ocal modifies the photon mass, as it impacts only ∂ 2 H ∂p 2 ; it corresponds to a change in the mode-waist due to diffraction. More interesting are the diagonal corrections to Q nonf ocal : Q f ocal lacks any such terms, which correspond to a 
for R(z) defined as above. This expression coincides with our expectation from the paraxial wave equation, and indeed, the trap frequency does not depend upon defocus.
In short: outside of the focal plane of the resonator, the canonical momentum of the ray (corresponding to its slope as it propagates along the cavity axis) is no longer proportional to the mechanical momentum of the ray (the rate at which it moves in the 2D transverse plane under consideration). Instead, there is an additive correction which is linear in the position, reflecting the wave-front curvature.
C. Near-Concentric vs Near-Planar Fabry-Pérot
A separation of timescales between the cavity round-trip time and the harmonic oscillator period requires tuning the cavity geometry near a degeneracy point, where at least one of the transverse mode frequencies becomes much smaller than the cavity free spectral range. Both near-planar (L R) and near-concentric (L ≈ 2R) cavities exhibit such a near-degeneracy.
One must be cautious in defining "near-degenerate," however, because while the ratio of the transverse-to longitudinal-mode spacing goes to zero in both cases, the transverse spacing itself only approaches zero when the appropriate parameter is tuned: the mirror radius of curvature in the near-planar case, and the cavity-length in the near-concentric case.
The trap frequency and mass in the near-planar cavity are:
. In the near-concentric case they are:
Note that:
• In the near-planar case the mass remains finite, and the trap frequency approaches zero only if "planarity" is approached by increasing mirror radius of curvature to infinity rather than by reducing cavity length zero;
• In the near-concentric case the trap frequency goes to zero and the mass diverges, no matter how one approaches degeneracy (by adjusting resonator length, or mirror curvature);
• The photon mass is negative in the near-concentric case. This reflects the fact that the direction of ray propagation out of the plane is opposite to the direction of motion of the particle within the plane (canonical and mechanical momenta are opposite), due to an inversion from the refocusing of the cavity mirrors.
D. Twisted Resonators
The simplest resonators that exhibit synthetic magnetic fields for the photons traveling within them are (a) four-mirror resonators that do not reside in a plane, and (b) three-mirror resonators with astigmatic mirrors that are twisted with respect to one another. What these
FIG. 4:
Schematic non-planar resonator. θ is the cavity opening angle, and l is the on-axis length. The out-of-plane reflections result in an image rotation, akin to a pair of dove-prisms, on each round-trip through the resonator. This rotation is equivalent to Coriolis and centrifugal couplings in the Floquet Hamiltonian, the former of which may in turn be interpreted as a uniform synthetic magnetic field for the cavity photons.
resonator geometries have in common is a helicity to the round-trip manipulation of the photon trajectory, producing dynamics akin to a Floquet topological insulator [14] . Because (a) is easier to realize experimentally, it is the path that we will explore here (see Figure 4 ). It is thus apparent that the resonator rotates the coordinate axes on each round-trip; the Floquet Hamiltonian is: . Note that the effective photon charge q and synthetic magnetic field B ef f are individually meaningless (and arbitrary); only the product qB ef f is well defined.
In practice mirror curvature is essential to compensate the centrifugal anti-trapping;
analysis of curved-mirror non-planar resonators in the presence of non-normal-reflectioninduced astigmatism is beyond the scope of this work, and will be presented in a separate publication.
VI. HIGHER-ORDER PERTURBATIONS TO THE RESONATOR
Thus far we have analyzed the Hamiltonian that results from light trapped within a resonator composed entirely of quadratic optics, with paraxial (quadratic) propagation between these optics. It is well-known that resonator mirrors are measurably imperfect [38] , both because they are spherical rather than parabolic and due to wavefront errors. Consider the Hamiltonian for an arbitrary lens in the plane z, which produces a roundtrip phase-shift of α(x). We can compute its expansion in the plane at z = 0 by inserting identity operators:
α(x) |x 1 ; z = 0 x 1 ; z = 0|x; z x; z|x 2 ; z = 0 x 2 ; z = 0| dx dx 1 dx 2 (VI.1)
We now relate localized excitations in the different planes via the free-space Green-function in the paraxial (Fresnel) approximation [42, 43] :
redefining x j → x j + x we have:
dxα(x) |x 1 + x; z = 0 x 2 + x; z = 0| (VI. 3) and identifying:
dx |x 1 + x; z = 0 α(x) x 2 + x; z = 0| = e ipx 1 α(x)e −ipx 2 = e ip(x 1 −x 2 ) α(x + x 2 ) (VI. 4) yields:
Performing the x 1 integral yields:
Where we have (1) inserted an identity operator; (2) required that α(x) be analytic; (3) used the Baker-Campbell-Hausdorf formula; and (4) performed the remaining Gaussian integration. In two transverse dimensions it may be shown that an arbitrary lens produces a correction to the Hamiltonian:
We now consider the simple case of two quartic lenses α(x) = βx 4 placed symmetrically around z=0: α(x − µp) + α(x + µp). The resulting Hamiltonian contains terms quartic in x, which we view as a quartic confining potential, terms quartic in p, which we view as quartic single-particle dispersion, and those quadratic in both x and p corresponding to manifold curvature. Matching terms in the (non-relativistic) geodesic equation yields a scalar curvature R = 
Note that an arbitrary perturbation in a single plane may always be understood (through a linear canonical transformation) as a real-space potential-two such perturbations (in different planes) are required to generate curvature that cannot be trivially removed through such a generalized coordinate transformation.
One might be inclined to attempt to draw a parallel to a Trotterized cold atom implementation, where atoms are allowed to evolve in a harmonic trap, and then a quarter of a trap period later, when they are in momentum space, an optical potential is briefly applied to them with the hope that it would provide a effective momentum-dependent force (when viewed another quarter trap cycle later). A simple calculation reveals that this does not work, because the atoms evolve back to real space in a way that depends upon the optical potential applied to them. The key to this idea working for photons where it fails for atoms is that the potential may be weak enough that it does not appreciably impact the photons within a single round-trip (it does not mix different Floquet/longitudinal manifolds), but is still strong enough to substantially change the transverse dynamics within a single neardegenerate Floquet manifold; in short, the cavity photons live simultaneously in real space, momentum space, and everywhere in-between.
B. Beyond Paraxial Optics
Taking the scalar wave equation c 2 ∇ 2 ψ = ∂ term gives rise to the kinetic dynamics we have been studying throughout this work, and the second (quartic) term is a new correction. Note that this expression is equivalent to a Taylor expansion of k z l = l ( k) 2 − p 2 to quartic order.
Because the ray momentum is transformed after each mirror reflection, the total nonparaxial correction, arising from the term in each arm of the cavity, is:
Here we have employed ABCD matrices that move from the Floquet plane to the region between the j th and (j + 1) st mirrors and j , the fraction of the path length between those two mirrors.
We thus see that the lowest order correction to paraxial optics introduces a quartic potential, quartic dispersion, and cross terms (including manifold curvature), akin to an out-of-focus quartic lens.
VII. CONCLUSION
In this paper, we have harnessed the fact that an optical resonator may be viewed as a periodic drive applied to a 2D optical field to develop a Hamiltonian formalism for understanding photonic dynamics in such resonators. This approach applies both within the paraxial, quadratic approximation, where it results in arbitrary quadratic Hamiltonians tunable through resonator geometry, and to perturbations which extend beyond the paraxial limit and produce exotic photon traps, dispersions, and manifold curvatures. This work points to fascinating studies of wave dynamics on curved manifolds, and in conjunction with Rydberg EIT to induce interactions between photons, an exciting route to strongly correlated photonic quantum materials, including those in the presence of synthetic gauge fields and manifold curvature.
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